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Abstract 

_^ , The generalized conseption of self-dual and anti-self dual forms and 

fTi • manifolds is built. The complete classification of important classes of 

fT , ' self-dual and anti-self-dual generalized Kaehler manifolds is obtained. 
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The present paper is the immediate continuation of Part 1 (see page 00-00). 
Herein we shaU refer to the results of Paper 1 . The main purpose of the present 
paper is studying geometry originahty of 4-dimensional (pseudo-) Riemannian 
manifolds. This originality is contained in the existence of a self-dual structure 
on such manifolds. Then we investigate generalization possibilities of the struc- 
ture on the manifolds of greater dimensions. Such investigation is created on 
the base of the concept of generalized almost quaternionic structures which was 
developed in the previous paper. 

Section 4 introduces and investigates the class of vertical type AQ^-struc- 
tures generalizing the class of quaternionic-Kaehler structures, and finds the 
criterion of the structural bundle of the structure being Einsteinian that gener- 
alized the well-known Atiyah-Hitchin-Singer criterion of 4-dimensional oriented 
Riemannian manifolds being Einsteinian in terms of self-dual forms on the man- 
ifolds. We also prove the theorem of generalized quaternionic-Kaehler manifolds 
of dimension greater than 4 being Einsteinian that generalizes the well-known 
result of M.Berger. 

Section 5 introduces and investigates the notion of t-conformal-semiflat AQa- 
manifold generalizing the classical notion of self-dual and anti-self-dual 4-dimen- 
sional Riemannian manifolds in the case AQa-manifolds ofarbitrary dimension. 
We introduce the notion of twistor curvature tensor of a vertical type AQ^- 
manifold and prove that the twistor curvature tensor of t-conformal-semiflat 
AQ^-manifold is an algebraic curvature tensor. We also prove that anti-self-dual 
AQa-manifolds as well as generalized quaternionic-Kaehler manifolds are the 
manifolds of pointwise constant twistor curvature. It is proved that generalized 
hyper-Kaehler manifolds are zero twistor curvature manifolds, and they also are 
zero Ricci curvature manifolds. The result generalizes the well-known result of 
M.Berger. 

In Section 6 we prove that a 4-dimensional generalized Kaehler manifold is 
self-dual iff its (generalized) Bochner curvature tensor is equal to zero. More- 
over, we get a complete classification of 4-dimensional self-dual non-exceptional 
manifolds of constant scalar curvature. It is proved that a 4-dimensional gen- 
eralized Kaehler manifold is anti-self-dual if and only if its scalar curvature is 
equal to zero. It is also proved that a 4-dimensional compact regular spinor 
manifold carrying a classical type Kaehler structure is anti-self-dual if and only 
if it is Ricci- flat. The above results essentially generalize the well-known results 
of N. Hitchin, J. -P. Bourguignon, A. Derdzinski, B.-Y. Chen and M. Itoh. 

4 Generalized Almost Quaternionic Manifolds 
of Vertical Type 

The study of geometry of 4-dimcnsional (pseudo-) Riemannian manifolds is of 
great importance in the modern geometric investigations since such manifolds 



are significant in mathematical physics. It was the features of the geometry 
that gave rise to the wide use of the well-known Penrose Twister Programme in 
modern investigations in the theory of gravitation and Yang-Mills fields. These 
features are determined to a great extent by the existence of a natural almost 
quaternionic structure on 4-dimensional (pseudo-) Riemannian manifolds. Na- 
turally the question arises: what geometrical features of 4-dimensional manifolds 
admit generalization onto almost quaternionic manifolds of arbitrary dimension 
? For example, it is known that with every almost quaternionic manifold there 
is naturally associated a twister bundle, and a number of important results 
of Penrose twister geometry are naturally, though non-trivially, generalized on 
other types of almost quaternionic manifolds, for example, on quaternionic- 
Kaehler ones [1],[2]. 

The present chapter distinguishes the class of generalized almost quater- 
nionic structures for which similar extrapolation looks most natural. They are 
the so-called generalizeg almost quaternionic structures of vertical type that, as 
we shall see below, generalize quaternionic-Kaehler structures. The main re- 
sult of the chapter shows that structural bundle of the manifold carrying the 
AQa-structure of vertical type is Einsteinian if and only if its Kaehler module 
is invariant with respect to Riemann-Christoffel endomorphism. This widely 
generalizes the classical Atiyah-Hitchin-Singer result giving a criterion of 4- 
dimensional Riemannian manifolds being Einsteinian in terms of self-dual forms 
[3] . It is also proved that generalized quaternionic-Kaehler manifold of dimen- 
sion greater than 4 is an Einsteinian manifold, that generalizes the well-known 
Berger theorem of quaternionic-Kaehler manifolds being Einsteinian [1]. 

4.1 Self-dual and anti-self-dual forms on AQa-manifolds 

Let M be an AQa-manifold, Q be its structural bundle. Note that algebra Hq, 
of generalized quaternions admits a canonical representation (of the first kind) 
A : H, -^ EndH„, X{q)iX) =qX; Xe H„. Indeed, A(gi q2){X) = (qi q2)X = 
qi{q2X) = \(qi)o X{q2)(X), i.e. X{qi q2) = A(gi) o A(g2); 91,92 e H^. Let 
{ Ij iij J2, .73 } be orthonormalized basis of the space H„, J3 = J1J2, q = a + bji + 
cJ2 + 4/3 £ Ha • Then in the basis 



(A(9)%) 



Thus, any a-quaternion admits identification with endomorphism of 4-dimen-| 
sional real space Hq . Lowering index of the endomorphism we get a tensor of 
the type (2,0) on this linear space that will be skew-symmetric iff a = 0, i.e. 
a-quaternion q is purely imaginary. In its turn, fibre bundle Q has a natural 
metric 5 = (•, •) generated by the metric of algebra H^. Using it we lower index 
of the purely imaginary a-quaternion regarded in it canonical representation 
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and get a 2-forni lo on the space of fibre bundle Q, that we call a fundamental 
form of the a-quaternion. 

Similarly, wc can consider canonical representation of the second kind /i : 
Ha -^ EndHa; fJ.{q)(X) = Xq; X e H^. In this case n{qiq2) = ^^((72) ° 
/^(Qi); 917 92 G Hq,. Here the mentioned a-quaternion q in orthonormalized 
basis { l,ji,J2,J3 }, J3 — jiJ2i will be represented by the matrix 



{KqY 



Lowering index of endomorphism ^{q) we get the tensor of the type (2,0) on the 
real space Hq, that will be skew-symmetric iff a = 0. Thus, lowering index of the 
purely imaginary a-quaternion q G {Q} regarded in canonical representation of 
the second kind and using the fibre metric we get 2-form on the space of fibre 
bundle Q that we call a pseudo-fundamental form of the a-quaternion. 

Similarly to the above, an AQa-manifold M is assumed calibrated and thus, 
X(Q) = V ® H, where V and H are, respectively, vertical and horisontal distri- 
butions of metric connection in fibre bundle Q induced by calibration. Recall 
that tensor t G 7J,''(Q) is called vertical if it vanishes if at least one of the ar- 
guments of the tensor regarded as a polylinear function is horisontal. In other 
word, a tensor t is vertical ii W Xi,. . . ,Xr € X(Q), Vcj^, . . . ,cj* G X*(Q) ==> 
t{Xi, . . . ,Xr,uj^, ■ ■ ■ jW^) = t{XY , ■ ■ ■ ,X^,ujy, . . . ,u!y), where X^ , uiy are ver- 
tical constituents of vector X and covector w, respectively. Vertical tensors 
define a subalgebra of tensor algebra '^'(Q) that we call vertical tensor alge- 
bra and denote it by 7y(Q). Similar remarks refer to Grassnanian algebra 
A(Q) D Ay(Q). In particular, pointwise localization of module (A'")y(Q) has 
dimension C4 — ttt^ttjt; < r < 4, and zero dimension, when r > 4. Thus, 
we have naturally defined the Grassmanian algebra Av(Q) = ©^^Q(A'')y(Q) 
that we call a vertical Grassmanian algebra. Note that module (A'*)y is one- 
dimensional; as its basis we naturally take the form ry defined by the equality 



Vp 



= ^det(.g) w° A w^ A 0)2 A lu^ , 



where (g) is Gramme matrix of metric gp, {p, u'^, u^, uP' ^ w^ } is a coframe dual 
to frame {p, eo, ei, 62, 63 } e BQ of the space Vp = Qp; p G Q. We check the 
independence of r\p on the choice of basis in a standard way. We call the form 
T] a vertical volume form. Evidently, it generates the orientation of the bundle 
V = {Q}. 

Definition 18. We call (vertical) Hodge operator the endomorphism * : 
Av'(Q) -^ Ay(Q) being defined by the equality 

^A(*^)-(co,^)r7; ^, i? G (A'^)y(Q), r- 0,1, 2, 3, 4; 



where (•, •) is scalar product in Ay(Q) induced by metric in Q. 

In particular, * : (A2)y(Q) -> {A^)v{Q), and (w,t?) ^ ^uj^^df^^, then 

{*uj)l3^ = ujse, where „ „ J is even permutation. Hence, (*)^ = id 

on (A^)y(Q) and then, *|(A2)^,(Q) has eigenvalues ±1. 

Definition 19. A vertical 2-form on Q is called self-dual (resp., anti-self- 
dual) if it is an eigenvector of Hodge operator with eigenvalue 1 (resp., -1). If it 
is also parallel along the fibres of structural bundle (i.e. projectable) it is called 
a form on M. The module of self-dual (resp., anti-self-dual) forms on M will be 
denote by A+(M) (resp., A"(M)). 

Theorem 23. A projectable vertical 2-form is self-dual on an AQ ^-manifold 
M iff it is a fundamental form of a purely imaginary a-quaternion. Here, the 
orientation of fibre bundle Q generated by exterior square of the form corresponds 
to the canonical orientation of the bundle iff the a-quaternion has a real norm. 

Proof. Let w be a projectable vertical 2-form. By definition, lo E A+(Af) 
<;=> *uj = LO. Denote by { r\ji^^e } components of tensor t? in a positively oriented 
frame. Then, if {w^-,,} are components of the 2-form lo, then the condition of 
its self-duality (see (7)) can be written in the form 

On the space of bundle BQ, where {gp-y) — diag{l,^a,—a,l) these correla- 
tions will assume the form wa- = £(/3, 7) LOp~^, where e{(i, 7) = gpp g^-y; l3,j — 

0, 1,2,3; {f3,'y) is a complementing the pair (/3,7) up to the even permutation 
of indices (0,1,2,3). It means that 
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(38) 



Raising the index of the form we get the endomorphism of the fibre bundle Q 
that, by the above, can be identified with the purely imaginary a-quaternion 
q ~ xJi-\- y J2 + ZJ3. Evidently, the inverse is also true: by (38) the fundamental 
form of purely imaginary a-quaternion is self-dual. Note that, by definition of 
self-dual form, to Alo — lo A {*uj) — {to, uj)ri, and hence, orientation of the fibre 
bundle Q generated by the form lu A lu coincides with the canonical orientation 
of this fibre bundle iff \\to\\^ > 0, i.e. \q\^ > 0. D 

Similarly, we prove 



Theorem 24. A projectable vertical 2-form is anti- self- dual on a AQa- 
manifold iff it is a pseudofundamental form of a purely imaginary a-quaternion. 
Here, orientation of the fibre bundle generated by exterior square of the form is 
inverse to the natural orientation of the fibre bundle iff the a-quaternion has a 
real norm. □ 



4.2 Vertical tensors on AQa-maniio\d 

Let M be an 4n-dimensional almost a-quaternionic manifold, Q be its structural 
bundle. In a standard way [4] it is proved that giving of an AQ^-structure 
on M is equivalent to giving of tj-structure on the manifold with structural 
group G = GL{n, Ha) ■ Spa{l), where Spa{m) is a symplectic group of order m 
over the ring Hq . The elements of the space of this tj-structure called adapted 
frames, or A-frames, are constructing in the following way. Let p € M, r = 
(Jo = id, Ji, J2, J3) G BQ be a positively oriented orthonormalized basis of 
fibre Qp, (ei, . . . , e„) be the basis of the space Tp{M) regarded as Ha-module: if 
q = a+bji+cJ2+dj'i e Hq, X € Tp{M), then qX = aX+bJiX+cJ2X+dJ3,X. 
Assume the greek indices to be in range from to 3, the latin ones - in range 
from 1 to n. Denote epa = Jpica)- Then {p, epa] /3 = 0, . . . , 3; a = 1, . . . , n) 
is a frame of the space Tp{M) called adapted. Evidently, in this frame 
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(39) 



and then (J^) ~ {jk)®I] fc = 1, 2, 3; / is a unit matrix of order n. Evidently, 
giving tensor t of the type (1,1) on M is defined by giving of a function set 
{ i^j } on the space of tj-structure that are components of the tensor in the 
corresponding A-frame. It follow from (39) that such tensor is an a-quatcrnion 
g = a id + 6 Ji + c J2 + d J3 iff i^^- 



= q^ (5* , where 
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V 

is the matrix of a-quaternion q in basis {id, Ji, J2, J3 } regarded as endomor- 
phism of the structural bundle. 



Consider the natural representation of endomorphisms algebra of module 
X{M) of AQa-manifold M into endomorphisms algebra of module Ti{M), the 
representation being generated by the left shifts. Namely, if / e T^{M) we 
juxtapose it to endomorphism / acting by formula f{g) — fog; g & Ti{M). 
Evidently, the mapping / ^ / is representation in view of endomorphisms 
algebra being associative. The question naturally arises: when does element 
/ G T^{M) in this representation preserves the structural bundle and, thus, 
induces the structural bundle endomorphism ? The question is answered by 

Theorem 25. Let M be an AQ a -manifold. Endomorphism t E Ti{M) 
induces structural bundle endomorphism iff its components on the space of Q- 
structure have the form 

t}l^t}St. (40) 

Proof. Let equalities (40) hold and let q e {Q}- Assume t{q) = t o q. Fix 
frame (p, Jp; /? = 0, . . . , 3) in Qp and its corresponding A-frame (p, e^b) e Q. 
We have i{Jp){eb) ^ to Jpief,) = t{Jp{eb)) = tlepb) = tj^e^c = i^pd^e^c = 
tZe.yi, = tl J^{eb); b ~ l,...,n, hence i(J/3) — tlJ^, i.e. endomorphism 
t : / ^ i o / of module Ti{M) preserves the structural bundle, and thus, 
induces its endomorphism. Inversely, let t : f ^ t o f preserves the structural 
bundle. Then i(J/3) = t]) J-y and t{ef3b) = t{Jfj{eb)) = io Jfj{eb) = t(Ji3){eb) = 
t^j J^{eb) = i^ 51 J^{ec) = ijj (5g e^c- Thus, tjjl = i^ S^. □ 

Evidently, giving structural bundle endomorphism is equivalent to giving 
vertical tensor ty E (Tj^^)y(Q) and, thus. Theorem 25 can be formulated as 
follow: 

Theorem 26. Let M be an AQa-manifold. Endomorphism t G Ti{M) in 
natural representation generates vertical tensor ty G {Ti)v{Q) iff its compo- 
nents on the .space of Q -structure have the form tl^ ~ tl^b- ^ 

Definition 20. Endomorphism t of the module X(M) of a AQa-manifold 
M preserving the structural bundle in the natural representation and, thus, 
generating vertical tensor on Q is called vertical endomorphism. 

Example. As wc have seen, any a-quaternion g G { Q } satisfies the con- 
dition of Theorem 26 and, thus, it is a vertical endomorphism. The validity of 
(40) in this case can also be shown in another way. Let q G Q. Then q{epb) = 
q{Jl3{eb)) = (f J^{Jp{eb)) = q''{J^ o Jf^)eb = q'^ C^p Je{eb) = q^ C^^ 6^ Je{ec) = 
q^ S^ Cec i.e. g^^ = g^ 51, where g^ — Cf^p <f A Cf^p } are structural tensor com- 
ponents of a-quaternion algebra. 

Similar terminology will be preserved for other tensor types on M, received 
from vertical endomorphisms by means of classical operations of tensor algebra. 



In particular, if M is a pseudo-Rieniannian manifold, a 2-form on M is called 
vertical if it is corresponds to a vertical endomorphism in raising the index. 
Evidently, the set of all vertical 2-forms on M forms a submodulc (A^)y(M) C 
A^(M) that we call a module of vertical 2-forms on M. 

Definition 21. An AQ^-structurc on a pseudo-Ricmannian manifold (A'/, G ~ 
(•, •)) is called generalized quaternionic-Hermitian, or TiAQa- structure if 

\/J e{J}=> {JX, Y) + {X, JY) =0; X,Y e X(M). 



In this case for any purely imaginary a-quaternion g on M tensor r2(A', Y) = 
{X, qY) is a vertical form on M called Kaehler form of a-quatcrnion q. Kachlcr 
2-forms on M form a submodulc /C(M) C (A^)y (M) that we call Kaehler module 
of TiAQ a-structure. By Theorem 23, the image of Kaehler module in natural 
representation (in combination with lowering the index by means of fibre metric) 
is a module of self-dual forms on M. 

Giving an TiAQ a-stmcturc on manifold M^" is equivalent to giving Q- 
structurc on M with structural group Q = Spa{n) ■ Spa{l) whose total space 
elements are ^-frames, and their vectors {ei,...,e„} form an orthonormal- 
ized system in quaternionic-Hermitian metric {{X,Y)) = {X,Y) + i{X,I^Y) + 
j{X,J^Y) + k{X,K^Y), where {id,I,J,K} is positively oriented orthonor- 
malized basis of fibre Qp an arbitrary point p Cz M . 

Lemma 3. On the space of Q -structure components of metric tensor of an 
TiAQ a-manif old have the form: Gpb-yc = g/s^yGbc, where { 3/37 } are components 
of fibre metric of the structural bundle, Gbc — {&b,Gc)- 

Proof. We have: 

Gpb-yc = {Jfii(^b),J'riec)) = -(J7 o Jfj{eb),ec) = 

where { C^a } are structural constants of a-quaternion algebra. Note that 
since for any pair {91,92} of purely imaginary a-quaternions qiq2 + 92 91 = 
-2(91,92), 9i92-929i = [91,92], then 9192 = -(91, 92) + |[9i, 92]- Thus, 
Re(9i92) — —(91,92), 1111(9192) = f[9i,92], where Re9 and Ivaq are real and 
purely imaginary parts of a-quaternion 9, respectively. Hence, C^^ = ^e(J-yJi3) =1 

— (J7, J/3) = -37/3 — —g/ly Thus, G/3h7c — g/Sjieb, Cc) — 5/37 Gbc- D 

Let fi be a vertical 2-form on an TiAQ^-manifold M, { i^f^b-ic } be its com- 
ponents on the space of tj-structure. By Theorem 26, G"^''/"' il^h^^ = t^ 6^, 
and thus, Gpb5dG'''''"'n,h-fc = t^^GfjcSd- But GfjbSdG''^''"' = ,5|<5^, hence, 
^Sd-fc = Gsdpc5?j- But by Lemma 3, 

^Sd-yc — ^S-f Gdc, (41) 



where los^ — gs0 t^ are components of tensor cj on Q, being the image of form 
fl in natural representation. From (41) it foUows that ujsy = —G Q,sdici in 
particular, ui is skew-symmetric tensor being, evidently, a projectable vertical 
2-form on the space Q. Evidently, the inverse is also true: let lo be projectable 
vertical 2-form on Q, then 2-form Vt on M defined by (41) is a vertical 2-form 
on M . Thus, we have proved 

Theorem 27. The module oj vertical 2-for'ms on an TiAQ a -manifold M in 
natural representation coincides with module (A^v)'^{Q) of projectable vertical 
2- forms on the space Q. □ 

Now we shall identify the moduls sometime. 
As a corollary we get the following result: 

Theorem 28. The module of vertical 2-forms on an TiAQa-manifold M 
is decomposed into orthogonal direct sum of Kaehler module and the submodule 
coinciding in natural representation with the submodule of anti- self- dual forms 
on M and serving as a Kaehler module of a uniquely defined TiAQ a -structure 
on M. 

Proof. Note that module (A7ry)^(Q) of projectable vertical 2-forms on Q 
is decomposed into orthogonal direct sum of submodules of self-dual and anti- 
self-dual forms on M. Indeed, by definition, (A^y)2(Q) = A+(M) A-(M).If 
u € A+(M),^ G A-(M), then (w,-!?)// = w A (*z9) = -cjAi?==-'!9Aw = 
-I? A (*w) = -{-3,^)7] = -(w,i?)?7, hence, (w,-i?) = 0, and thus, A+(M) _L 
A^ (M). Now let il, 8 e Av{M), uj, i? are their images in natural representation. 
From (41) it follows that the forms fl and 8 arc orthogonal in metric G iff the 
forms u! and d are orthogonal in fibre metric. In particular, submodule /C(M)^ 
in natural representation coincides with submodule of anti-self-dual forms on 
M. Further, as in proof of Theorem 4, we see that in natural identification of 
elements of module /C(M)^ with endomorphisms of module X(M) fibre bundle 
Sc{M) e /C(M)-L defines an HAQa-structure on M. D 

Definition 22. 7i:AQa -structures Q = Sc{M) /C(M) and Q* = Sc{M) ® 
/C(M)^ on manifold M will be called conjugate. 

4.3 Generalized quaternionic-Kaehler structures 

Definition 23. An TiAQ^-structure is called a generalized quaternionic-Kaehler^ 
or /CylQa-structurc if its structural bundle is invariant with respect to parallel 
translations in Riemannian connection. 

It means that Riemannian connection V is an AQa-connection, and we fix 
it as calibration. 

Evidently, any quaternionic-Kaehler structure (see example 3 in section 2.2) 
is a /C^Q^-structure. 



Theorem 29. A kq-manifold M of dimension An > 4 is an Einsteinian 
manifold. 

Proof. Let U = {Ua}aeA be the local triviality covering of C^-structure for 
manifold M, [/ G U. Then narrowing Q on C/ is a TrAQa-structure, and thus, 
there is a pair twistors {I, J} on U, such that {Q|t/} is generated by their 
algebraic shell, i.e. {Q|C/} = £(id, Ji, J2, J3 ), where Ji = /, J2 = J, J3 = 
K = I o J. Besides, there exists the system { ei, . . . , e„ } of vector fields on U 
such that the system { e/j;, }, /3 = 0, . . . , 3; 6 = 1, . . . , n, where e/jh = Jpic],), 
defines the space section of tj-structure over U . In this case \i X,Y E X(C/) then 
^Y {Jp) ~ ^(^)'a Jfi where a; = { w^ } is a form on U with values in Lie algebra 
so(2 — a, 1 + a; R) of the structural group of bundle BQ, at every point of U . 
Further, let R{X, Y) = Vx Vy - Vy Vx - V[x,y] is a Riemann-Christoffel 
tensor. Then 

R{X, Y){Jfj) = Vx Vy {J a) - Vy Vx (J/3) - V[x,y] iJp) 

= Vx {oj{Y)} J,) - Vy {uj{X)} J,) - oj{[X,Y])l J, 
= Xlo{Y)1 J^ + u{Y)l Vx J-, - Yuo{X)l J^ - 

~lo{X)IVyJ-,-^{[X,Y])IJ^ 
= {Xu{Y)l - Yu{X)l - c.([X, Y])})J, + 



Thus, 



+oj(Y)l u(Xf^ Js - u(X)l u(yY^ Js 
2dw(X, Y)l J^ + {u(Xf^ u:{Y)l - u:{YY^oj{Xyp)Js 

2{du{X,Y)l + \[u:M{X,Yrp)J,. 



RiX,Y)Jp^2Du;{X,Y)}JY, /3,7 = 1,2,3, (42) 

where Doj — duj + ^[uj,uj] is a 2-form on U with values in Lie algebra so(2 — a, 
1 + a;R). Here R{X,Y) is regarded as differentiation of tensor algebra on 
manifold M generated by endomorphism R{X,Y) of module X(M), and thus, 

R{X,Y)Jp = [R{X,Y),Jp]. (43) 

Let the form Dlo be given by the function matrix 




{Duj}) = ( -a 



Then by (43) identities (42) can be written in the form 

1) [R{X, r), /] = c(X, Y)J + ab{X, Y)K; 

2) [R{X,Y),J]^ -c{X,Y)I -aa{X,Y)K] (44) 
3) [R{X,Y),K] = h{X,Y)I - a{X,Y)J. 
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Apply (443) to vector Z e X(f7) and find scalar product of the result and vector 
JZ: 

{R{X, Y)KZ, JZ) - {Ko R{X, Y)Z, JZ) = 

= b{X, Y) {IZ, JZ) - a{X, Y){JZ, JZ) . (45) 

Since {IZ,JZ) = -{Z,KZ) = 0; {JZ,JZ) = -a{Z,Z): {R{X,Y)KZ,JZ) = 
-{R{X,Y)JZ,KZ); -{K o R{X,Y)Z, JZ) ^ {J o I o R(X,Y)Z,JZ) = -a{I o 
R{X,Y)Z,Z) = a{R{X,Y)Z,IZ), equality (45) can be rewritten in the form 

aiX,Y)\\Zf = {R{X,Y)Z,IZ) - a{R{X,Y)JZ, KZ). (46) 

Numerate elements { e^f, } of the local section of tj-structure space by one index 
{ci}, i = l,...,4n. Assume Z ~ ||ei||ei in (33) and summarize by i from 1 
to 4n. Remark that -aY,^^x'\^{X,Y)Je^,Ke^)\\e^f = J2t=iiRi^^Y)Jei,I o 
>/e,)||Je,|l2 = ^^:^^(i?(X,F)e„/e,)||e,||^and|le,|l4 = l. Then we get: 

in 

4na{X,Y) = 2 ^(i?(X, y)e„ /e,)|lej2. (47) 

Apply Ricci identity to the right part of the equality: 

in 

2na{X, Y) = - ^{(i?(X, e,)Ie„ Y) + {R{X, Ie,)Y, e,)}||ej2, 

2 = 1 

or 

in 

2na{X,Y) = J2{{R{X,e^)Y,Ie,) - {R{X, Ie,)Y,e,)}\\e,\\\ 
Note that 

in in 

^(i?(X,/e,)r,e,)||e,||2^^(i?(X,/2e,)r,/e,)||/e,||2 

in 

= -^(i?(X,e,)r,/e.)||e.|P, 
and then, 

in in 

na{X, Y) = ^(i?(X, e,)r, Ie,)\\e,f - - ^(/ o R{X, e,)r, e,)||e,||2. 

i=\ i=\ 

But in view of (44i), 

in in 

- ^(i?(X, e,)r, e,)||e,||2 = - ^{ {R{X, e,)IY, e,) ~ c{X, e,){JY, e,) - 

i=l i=l 

-ab{X, e,){KY, e^) }\\e,f = -Ric{X, lY) + c(X, JY) + ab{X, KY), 
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hence, 

na{X, Y) = -Ric{X, lY) + c{X, JY) + ab{X, KY) . (48) 

Where Ric is Ricci tensor. Similarly, 

nh{X, Y) = -Ric{X, JY) - aa{X, KY) - c{X, lY), (49) 

nc{X, Y)^a Ric{X, KY) - ab{X, lY) + aa{X, JY). (50) 

Substituting IY,JY and KY for Y in (48), (49) and (50), respectively, and in 
view of P = J^ ^ aid, K^ ~ — id, we get: 

na{X,JY) + b{X,JY) + c{X,KY) = -aRic{X,Y); 
a{X,IY)+nb{X,JY) + c{X,KY) = -aRic{X,Y); (51) 

a{X, lY) + b{X, JY) + nc{X, KY) = -a Ric{X, Y). 

Substracting elenicntwise equations of the system, we get: 

a{X, lY) = b{X, JY) = c(X, KY), 

and in view of (51), 

o. 

a(X, lY) = b(X, JY) = c(X, KY) = Ric(X, Y). (52) 

n + 2 

Now we can rewrite (46) in the form 

{R{X,IY)Z,IZ) -a{R{X,IY)JZ,KZ) = '^ Ric{X,Y)\\Z\\'^. 

In particular, ii X = Y , the equality has the form 

{R{X,IX)Z,IZ) -a{R{X,IX)JZ,KZ) = Ric{X,X)\\Z\\^. (53) 

Substitute JX for X in (53): 
{R{JX,KX)Z,IZ)-a{R{JX,KX)JZ,KZ) = -^ Ric{JX,JX)\\Z'^. (54) 

Note that 

Ric{JX, JX) == -a(n + 2)b{JX, J^X) = -{n + 2)b{JX, X) = -a Ric{X, X). 

In view of above multiply both parts of (54) by {—a) and add elementwise to 
(53): 

{R{X, IX)Z, IZ) - a{R{X, IX) JZ, KZ) - a{R{JX, KX)Z, IZ) + 

+ (R(JX,KX)JZ,KZ) = —Ric{X,X)\\Z\\^. 

n + 2 
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Note that the left part of the cquahty is symmetric with respect to X and Z. 
Thus, Ric{X,X)\\Z\\^ = Ric{Z,Z)\\X\\^. Polarize this equahty by argument X, 
we get: Ric{X,Y)\\Z\\^ = Ric{Z, Z){X,Y). Assume here Z = ||ei||e, and sum- 
marize by i from 1 to 4n: 4nRic{X,Y) — s{X,Y), where s is scalar curvature 
of the manifold. Thus, 

Ric{X,Y)^^{X,Y), 

i.e. M is Einsteinian manifold. D 

The above result generalizes the well-known Berger theorem of quaternionic- 
Kaehler manifolds of dimension greater than 4 being Einsteinian [1] . 

4.4 HAQ a-structures of vertical type 

Let M be an HAQa-mamfold, R he a Riemann-Christoffel tensor of metric G. 
The classical features of symmetry of this tensor mean that it can be regarded 
as self-conjugate endomorphism of a 2-form module on M. It will be called a 
Riemann- Crista jjel endomorphism. 

Definition 24. An Ti^Qa-structurc on manifold M is called the structure of 
vertical type if a Riemann-Christoffel endomorphism generated by the manifold 
metric preserves the module of vertical 2-forms on M . 

For example, by Theorem 26 a canonical TiAQ^-structure of a 4-dimensional 
oriented pseudo-Riemannian manifold has a vertical type. Moreover, there holds 
the following 

Theorem 30. Any ICAQa-nianifold is a TiAQ a-manijold of vertical type. 

Proof. By definition, the structural bundle of /C^Qa-manifold M, dimM = 
4n, is invariant with respect to parallel translations in Riemannian connection V 
of manifold. The module of vertical endomorphisms as well as the one of vertical 
2-forms on M have, naturally, the same property. (Indeed, if i e Ti{M) is a 
vertical endomorphism, X S X(M), then (Vjc t)q — Vx [t o q) ~ t o Vx (<z) & 
{ Q }; g G { Q }). Moreover, in view of the parallelity of the metric tensor in 
Riemannian connection the Ti^Qa-structure conjugate to a /C^Qa-structure is 
a ICAQa-stTuctnTe itself. Now let n > 1, / be a twistor at an arbitrary point 
p <E M, ri be its Kaehler form. Then in view of (47) and (52) we have 



R{n){X,Y) = -RiX,Y),jn'- 



in _, in 



= - ^ (i?(X,y)e.,e)f^(e„e,) = - ^ (i?(X, r)e„e,>(e.,/e, 

_. in in 

= - ^(i?(X,y)e.,/e,>(e.,/%) = ^^(i?(X,r)e.,/e,>||e4 



i,J — 1 Z— 1 
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= ana{X,Y) =na{X,I^Y) = -Ric{X,IY), 

where Ric is Ricci tensor of manifold M, X,Y E X{M). Here { ei, . . . , e4„ } 
is orthonormalized bazis adapted to twistor J. But by Theorem 29, a ICAQa- 
manifold of dimension 4n > 4 is Einsteinian and thus, 

RimX^Y) = -^{X,IY) = -^n{X,Y), 
n + 2 n + 2 

i.e. 

rynf 

Rm = -^7^^' (55) 

where e is Einstein constant. In particular, endomorphism R transfers the 
Kaehler module of a /CAQa-structure into itself. But in view of the same con- 
siderations this endomorphism transfers into itself the Kaehler module of the 
conjugate structure, too. And by Theoreme 28 the endomorphism preserves the 
module of vertical 2-forms on M. D 

Corollary. Any quaternionic- Kaehler manifold is an TLAQa-manifold of 
vertical type. □ 

Let M be an TiAQa-manifold of vertical type. Then the Riemannian- 
Christoffel endomorphism R induces endomorphism r of module (A^)y(M) of 
vertical 2-forms on M . We find the matrix of the endomorphism as the function 
system { r^-y^e } on the space of fibre bundle BQ. Let { Rfst-ycSdeh } be compo- 
nents of tensor R on the space of ^/-structure, fl he a, vertical 2-form on M. 
Then Rin)0b^, = R^b^Meh^^''^'' ■ But by (41), n^'^^'^ = c^^^ G"*^ R{n)pb^, = 
r(w)/37 Ghc and thus, r{uj)p^ Gbc = Rf^b^cSdeh G""* uj^" , hence, r{u;)p^ = ^G''" G'^'^ R/sbicSdeh t^^" % 
Thus, 

rp^Se "^^ —G '^ G RpbfcSdeh- (56) 

In view of symmetry properties of tensor R and (56) we get 

Proposition 15. Tensor r has the following symmetry properties: 

1) TfjjSe = -fjfjSe; 2) rfjjSe — '^'T (i-fe&'-, 3) rfi~^i^ — rsefi-i- 



Proof. Taking into account equality (56), we have: 

^)'''l3jSe = —RfJb^cSdshG '^ G = R-ycBbSdsh G '^ G = 

n n 

= R-vc/SbSdeh G^ G ~ —rjSSe- 

n 
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Similarly for 2). Finally, 

o\ „ p r^bc /^dh ^ r> /^bc /~tdh 

'ijrfijSe — —-ti'lSbicSdeh''^ '^ — — -ti-SdEhpb-vc'^ (j" — 

n n 

p /^dh f~ibc ^ p /~tbc /~tdh p. 

— —^SbecBd'vh'-' Lf — — ^Sbec/Sd-vh'-J (j —T^SeBj- LJ 



Summarizing the above we get the following result: 

Theorem 31. Riemann-Christojfel endomorphism of an TiAQa-manifold 
of vertical type induces a self-conjugate endomorphism of vertical 2-form module 
of this manifold. □ 

Definition 25. Endomorphism r : (A^)y(Af) -^ (A^)y(M) will be called a 
twistor curvature (or t-curvature) tensor of an TiAQa-manifold M . 

The sense of the definition will be made clear in the following chapter. Note 
that in the case dim M = 4 we have r = i?, in particular, tensor r components 
in the frame (p, e, Ji(e), J2(e), J3(e)); e G Tp{M), \e\\ — 1, coincides with 
tensor R components in this frame. The question naturally arises: When does 
endomorphism r (in natural reprsentation) preserve the module of self-dual (and 
anti-self-dual) forms of the manifold ? We know that this module in natural 
representation corresponds to the Kaehler module of the manifold, and thus, 
the question can be put in the following way: When does Riemann-Christoffel 
endomorphism preserve the Kaehler module of an TiAQ^-manifold of vertical 
type ? 

Definition 26. The structural bundle Q of an TiAQa-manifold M of vertical 
type will be called Einsteinian if on the space of fibre bundle BQ over this 
manifold 

/V5s=c5-ye; c(.C°^{M). (57) 



It is clear that if dimM = 4, the property of the structural bundle being 
Einsteinian is equivalent to manifold M being Einsteinian. 

Theorem 32. Riemann-Christoffel endomorphism of an TiAQa-manifold 
of vertical type preserves the Kaehler module of the manifold iff the structural 
bundle of the manifold is Einsteinian. 

Proof. The assertion of the theorem is, evidently, equivalent to the following: 
endomorphism r preserves in natural representation module A'^ (M) of self-dual 
forms on TiAQa-manifold M of vertical type iff on BQ identities (57) are valid. 
Let Lo E A+(M). On the space -B(Q) this 2-form is characterized by the function 
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matrix 

/ —X —y —z \ 

. s _ X — z —ay 

^'^^'^>- y z ax 

\ z ay —ax / 

Thus, r(A+(M)) c A+(M) ^=^ (Vw e A+(M) =^ r(w) € A+(M)), i.e. 



(58) 






ax 


ay 


-Z \ 


ax 





—z 


V 


ay 


z 





— X 


z 


~y 


X 


o; 



1) (a7-oi/37 + r23f3't)^'^^ = 0; 

2) (aro2/3T, - ri3pj)to'''' = 0; (59) 

3) (t-03,37 - ri2(3j)uj'^'^ = 0. 

Further, lj'^'' == /"^ 5^"^ w^c = £(/3, 7)^/37, and by (58), 

/ 

V 

Consequently, correlations (59) have the form 

1) (a^'oioi + r23oi)'^x + {aroio2 + r2302)(xy- 
-(aroios + ^■2303)2 - {aroii2 + r23i2)z+ 

+ (aroii3 + »'23i3)y - (oT-oiis + ^2323)2; = 0. 

In view of the fact that these correlations must equivalently hold with respect 
to x,2/, z, we get: 

rowi - ^'2323 = 0; 

T'0102 + 07-2302 + aroii3 + ^2313 == 0; (60) 

araws + ^2303 + araii2 + ^2312 = 0. 

2) (aro2oi - ri3oi)ax + {aro202 - r2302)(xy- 

-(a?'0203 - ^'1303)2 - (aro212 ^ ?'1312)2 + 

+ {ara2i3 - ?'i3i3)y - (aro223 - ^1323)2; = 0; 



hence 



hence 



7'020i - arisoi - arQ223 + ^1323 = 0; 

7-0202 - 'ri313 = 0; (61) 

07-0203 - 7-1303 + aro212 - 7-1312 = 0. 

3) (7-0301 - 7-i2oi)aa; + (ro302 - 7-i302)ay- 

-(7-0303 - 7-1203)2 - (7-0312 - 7-1212)2 + 

+ (7-0313 - 7-1213)1/ - (7-0323 - 7-1223)2; = 0; 
a7-o3oi - ari2oi - ro323 + 7-1223 = 0; 

a7-0302 - a7-1202 + 7-0313 " 7-1213 = 0; (62) 

7-0303 - 7-1212 = 0. 
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Comparing (6O2) and (61 1) we get: 

raw2 + ri323 = 0; r2302 + ^ona = 0. (63) 

Similarly, comparing (6O3) and (62i), (6I3) and (622), we get, respectively: 

(64) 



aroil2 + ^0323 


= 0; 


a7-0103 + ?'1223 


= 


a?'0212 - ^0313 


= 0; 


ar0203 - ?'1213 


==0 



Equalities (63) and (64) can be rewritted in the form 

row2 + ^3132 = 0; rioi3 + r2023 = 0; -ariai2 + r3032 = 0; 

''0103 - "''2123 = 0; -ar202i + 7-3031 = 0; ro203 - a7-i2i3 = 0; 

or g^^ TfjjSe = (7 ^ £), i.e. g^^ rp^se — cg-ye (7 7^ £)• It is asserted that the 
system of the rest of the equalities 

J-OlOl = ^2323; ''0202 == ''1313; ''0303 = ''1212; (65) 

is equivalent to equalities g^'' rp-ys-y = cg^-y, i.e. 



(66) 



I.e. 

-ariow - Q;r2020 + 7'3030 = -af-oioi + ''2121 - ar^i^i 

= -aro202 + ''1212 - Q:r3232 = ro303 - a''l313 - a?'2323- 

Indeed, comparing the first and the forth expressions in (66), we get: 

''1010 + ''2020 = ''1313 + ''2323- 

On the other hand, comparing the second and the third expressions in (66), we 
get: 

''1010 — ''2020 — —''1313 + ''2323) 

hence, 

''1010 ~ ''2323 J ''2020 = ''1313 • 

In view of the above and comparing the first and the second equalities in (66) 
we find that -ar2020 + ''3030 = ''2121 - a?'2020, i-e. r303o = ''1212- Evidently, 
the inverse is also trouth. Combining these results we get that g^ rp^s^ — cg^e- 
Inversely, from the above it follows that validity of these conditions is equivalent 
to (63)-(65) that, as we have seen, are equivalent to (59) by (58), i.e. to module 
A+(M) being invariant with respect to cndomorphism r. □ 

Corollary. A 4^- dimensional oriented pseudo-Riemannian manifold of index 
or 2 is Einsteinian iff its module of self-dual forms is invariant with respect 
to Riemann-Chrictojfel endomorphism. □ 

The above Corollary shows that the proved Theorem 32 is a broad genera- 
lization of the known Atiyah-Hitchin-Singer theorem giving a criterion of 4- 
dimensional Riemannian manifolds being Einsteinian in terms of self-dual forms 
[3] since it generalizes this theorem in case of neutral pseudo-Riemannian metric 
itself. 
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5 t-conformal-seiniflat Manifolds 

The great importance of conformal-semiflat, i.e. self-dual or anti-self-dual, man- 
ifolds in geometry and theoretical physics is explained by the fact that the canon- 
ical almost complex structure on their twistor spaces is integrable that allows to 
have twistor interpretation of Yang-Mills fields - instantons and anti-instantons 
respectively, on the manifolds generalizing the classical Ward theorem [3] . 

In the previous chapter we introduced the notion of twistor curvature tensor 
(endomorphism) of TiAQa-manifolds of vertical type. Now consider the trace- 
free part of the endomorphism that we call a Weyl endomorphism. Using it 
we get a natural generalization of self-dual and anti-self-dual manifolds for the 
case of TiAQa-manifolds of arbitrary dimension. We call them t-conformal- 
sem,iflat TiAQa-manifolds and show that their twistor curvature tensor is the 
algebraic curvature tensor. The notion of twistor curvature of 7iA(5Q,-nianifold is 
introduced and TiAQa-manifolds of constant twistor curvature are studied. It is 
proved that anti-self-dual TYAQq -manifolds, as well as generalized quaternionic- 
Kaehler manifolds are TiAQa-manifolds of constant twistor curvature. 

5.1 Self-dual and anti-self-dual TYAQa-manifolds 

Let M be an TiAQ^ -manifold of vertical type, Q be its structural bundle, 
r : (A^)v'(M) -^ (A^)v'(M) be a twistor curvature tensor of manifold M. Con- 
struct tensor ric G (72')v'(M) with components ric/se = 9'^ fp-ySe that we call 
Ricci twistor tensor, or Ricci t-curvature tensor. By Theorem 32 a Riemann- 
Christoffel endomorphism of an TiAQa-manifold of vertical type preserves the 
Kaehler module of the manifold iff its Ricci twistor tensor is proportional to 
tensor g of fibre metric. The trace k = g^^ ricp-^ of tensor ric will be called a 
t-scalar curvature of manifold M . By means of tensor ric we construct endo- 
morphism W of module (A^)y(M) with components 

1 K 

Wfi^Se = ri3^ss + -{ricf:isg^e+ric^e9i3S-rici3egjS-ric^sgf:)s) + -^{g-/5gfis-g0sg'r6) 

generalizing the classical Weyl tensor of conformal curvature of a 4-dimensional 
pseudo-Riemannian manifold. We call it a Weyl endom,orphism,. Evidently, it 
has all symmetry properties of a twistor curvature tensor found in Proposition 
15. Besides, it is evident that g'^^W/^^se = 0. Similarly to the proof of Theorem 
32 for endomorphism r we get for Weyl endomorphism: 

Theorem 33. Submodules of self-dual and anti- self- dual form,s on anTiAQa-f 
manifold of vertical type are invariant with respect to the action of Weyl endomor-f 
phism. D 

Thus, W = W^ -\~ W^ , where W are endomorphism W narrowings onto 
submodules A'^{M), respectively. 
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Definition 27. An TiAQa-manifold M of vertical type will be called self- 
dual (resp., anti- self- dual) if W^ — (resp., W^ = 0). An self-dual or anti- 
self-dual TiAQa-manifold will be called t-conformal-semiflat. 

/^Froni the above wc see that the notions generalize the corresponding notions 
of 4-diinensional Riemannian geometry that have become classical [5] . 

Introduce self-duality index ^ of a i-conformal-semiflat TiAQ^-manifold equal| 
to 1 for an self-dual and -1 for an anti-self-dual manifold. 

Let M be an TiylQa-manifold, w S A*(M), i.e. *(a;) — zttj. As we have seen 
in the proof of Theorem 23, on the space of fibre bundle i?Q, where {gii-y) ~ 
diag{l^—a,—a,\), these equalities will assume the form oja. — ±£(/3,7) W/3-y, 

respectively, where e(/3,7) = gppg-^-y] P,^ — 0,1,2,3,4; (/3,7) is the pair 
complementing the pair (/3, 7) up to even permutation of indices (0,1,2,3). It 
means that 



i^Pi) 



/ 


— X 


-y 


-z \ 


X 





Tz 


Ty 


y 


±z 





±ax 


\ ^ 


±ay 


^ax 


0/ 



(^. 



/37^ 



/ 





ax 


ay 


-Z \ 




—ax 





Tz 


±y 




-ay 


±z 





Tx 


\ 


z 


Ty 


±x 


0; 



(67) 

Now let M be a i-conformal-scmiflat TiAQ^-manifold. If M is self-dual, then 
W(uj) = (w e A-(M)). If M is anti-self-dual, then W(uj) = (w e 
L+(M)). By (67) these conditions will be written in the form (aVF/3-yoi -I- 
iWp^2z)x + {aW/3j02 - ^W0ji3)y + {£.Wi3ji2 - Wf3j03)z = 0. Since these corre- 
lations must equivalently hold with respect to x, y and z, we get that they are 
equivalent to the conditions 

Write the correlations in view of symmetry properties of tensor W, that are 
similar to symmetry properties of tensor r, found in Proposition 15: 

VK1002 = -VK1332 = -a^Woiis = a^VFo223; 
W^1003 = aWi223 = -^^^0112 = -aS.Wo332; 
W^2003 = OiW2113 = CM^0221 = Ck^ W0331 ; 
W^OlOl = ^^2323 = -a^Woi23; 
W^0202 = Wi3i3 = -aCWo23i; 
W^0303 = W^1212 = C^0312- 

By definition of tensor W the equalities will be rewritten, respectively, in the 
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form: 



1) ^1002 + aprons = ^{rici2 -(.ricns); 

2) ri332 + a^ro223 = ^{rici2 -^ricos); 

3) rioo3 + ??'oii2 = ^{ricis - a^rico2); 

4) ri223 + C^0332 = ^{^rico2 ~ aricis); 

5) ^2003 - C^022i = ^{ric23 + a^ricoi); 

6) r2ii3 - C^033i = ^{£.ricoi - aric2z); 



7) roioi + a^roi23 = 


^{aricQo - ricn) - ^aK; 
i(aric33 - ric22) - gOK; 
i(aricoo - ric22) - gOK; 


8) r2323 + a??'0123 = 


9) ro202 + a^'"023i = 


10) ri3i3 + 0:^^0231 = 


= i(arzc33 - ricii) - ia«;; 


11) ^0303 — ^''0312 = 


-i(rJcoo +HC33) + ^k; 


12) ri212 - ^''0312 = 


f (ricii +ric22) + ^k. 


definition of tensor ric, 




ri002 +?'1332 = rici2] 


''1003 - "''1223 = ''JC13; 


?'2003 — ar2ii3 — ric23', 


-Q:''oii2 + ^0332 = rica2; 


r-0113 + ?'0223 = -aricoa; 


— aro221 + ''0331 = ''^Coi. 



(68) 



(69) 



^From the above immediately follows 



Theorem 34. A twistor curvature tensor oft-conformal-semiflat an TiAQa- 
manifold is an algebraic curvature tensor, tensor W being its trace- free part, i.e. 
the classical Weyl tensor with respect to tensor r. 

Proof. By (687), (689) and (6811) we have: roi23+''023i+ro3i2 = -a^(''oioi + 
ra2a2)+^ro303 + ^^{ricooaricii+ricoo~aric22+ricoo+ric33)-^^K = C(a7'oiio + 
"''0220 - ''0330) + l^iricoo ~ aricii - aric22 + ric33) +^ricoa^K = -^rzcoo + 
^^K + S,ricoo — ^^K = 0. By Proposition 15 we get that rp^jg^] — 0, and thus, 
r is an algebraic curvature tensor of module (A^)\/(M). For such tensor, as is 
well-known [5] , its trace- free part is uniquely defined by the formula that gives 
tensor W. □ 

Consider some examples of t-conformal-semiflat TiAQa-manifolds. 

Definition 28. An TiAQa-structure that is at the same time a nAQa- 
structure, whose structural endomorphisms are parallel in Riemannian con- 
nection is called a generalized hyper- Kaehler structure. 

Theorem 35. Any generalized hyper-Kaehler manifold of dimension greater 
than 4 is t-conformal-semiflat. 

Proof. As we will see below (Theorem 39), any generalized hyper-Kaehler 
manifold M is Ricci-flat. Besides, it, evidently, is a generalized quaternionic- 
Kaehler manifold, and by (55) and Theorem 28, R{n) =0 {n & {K^)v{M)). 
By definition of twistor curvature tensor r = 0. Thus, ric = 0, and W = Q. In 
particular, manifold M is i-conformal-scmiflat. D 
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Corollary. All JiAQ a-manif olds of dimension greater than 4, mentioned in 
example 2, section2.2, are t-conformal-semiflat. □ 



5.2 Some properties of t-conformal-semiflat manifolds 

Theorem36. A twistor curvature endomorphism of an self-dual (resp., anti- 
self-dual) TiAQ a-manif old M transfers all anti- self- dual (resp., self-dual) forms 
on M into self-dual (resp., anti- self- dual) iff M is a manifold of zero t-scalar 
curvature. 

Proof. Endomorphism r has the given property iff 

1) ar{uj)Qi = Tr{u})2a; 2) ar{uj)o2 = ±r{uj)i3; 3) r(a))o3 = ±r(w)i2; 

w € AT(M). Writing the equahties in view of (68) and (69) we get that they are 
equivalent to the condition ricoo — a ricn — a ric22 + ric^^ = 0, or k = tr{ric) = 
g'^^ricp^ = {). D 

Theorem 37. A twistor curvature endomorphism of an self-dual (resp., 
anti-self-dual/HAQ a-manif old M transfers all vertical 2- forms on M into self- 
dual (resp., anti- self- dual) iff M is manifold of zero Ricci t-curvature. 

Proof. Let endomorphism r transfers any vertical 2- form on M into self-dual 
(resp, anti-self-dual). In particular, any self-dual form is transferred into self- 
dual (in the second case it is in view of endomorphism r being self-conjugated). 
By Theorem 32 ric is a scalar endomorphism, and by Theorem 36 its trace is 
equal to zero. Thus, ric — 0. Inversely, if ric — 0, then by the same Theo- 
rems, r(A±(M)) C A±(M), r(A=F(MJ) C A±(M), and hence, r(Ay(M)) C 
A±(M). D 

Corollary. Riemann- Christoffel endomorphism R of a ^-dimensional con- 
formal-semiflat pseudo-Riemannian manifold of index or 2 transfers all anti- 
self-dual forms on the manifold into self-dual (or self-dual into anti-self-dual, 
depending on the choice of orientation of manifold) iff the scalar curvature of 
the manifold is zero. Here, R transfers any 2-forms on manifold into self-dual 
(or anti- self- dual) iff the manifold is Ricci-fiat. □ 

Let M be a self-dual (resp., anti-self-dual) TiAQ^ -manifold, p E M, lo E 
A^(M) is a non-isotropic eigenvector of its endomorphism r of twistor curva- 
ture in the point. Without loss of generality the vector norm can be considered 
equal to either \J —a or 1. In the former case we choose orthonormalized basis 
{id, Ji, J2, J3 } of the space Qp(M) so that uj coincides with the pseudofunda- 
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mental (resp., fundamental) form of a-quaternion Ji. By (67), in this basis 

/ a \ 



a 

e 
V -e y 



Thus equality r(a;) — Xlu will be rewritten in view of (68) and (69) in the form 

1) |(aricoo - ricn) - ^{aric^^ - ric22) = aX; 

2) rici2 +^rico3 = 0; 

3) rici3 + aS,rico2 — 0; 

4) — -^(aricoo — ricn) + -^{aric^^ — ric22) — aX. 

Note that the first and third of the equalities can be further rewritten in the 
form, respectively: 

2{aricoa — ricu) — {aricss — ric22) — SaA; 
— (aricoo — ricn) + 2(aric33 — ric22) — SaA; 

hence, 

1) aricQQ — ricii — SaX; 2) aric^^ — ric22 ~ 3aX; 

3) rici2 + ^ricf)3 — 0; 4) ricia + aS,rico2 — 0; 

1) Hcq + ric\ ^ 3A; 2) ric^ + ric\ =■ 3A; 

3) ri(^ — a^rzcQ — 0; 4) ric\ — ^ric^ = 0. 

In particular, k — ti ric — 6A. Now, let lu have a positive norm. Assume 
||w|| — 1. Choose orthonormalized basis {id, Ji, J2, J3 } of the space Qp(M) 
so that uj coincides with pseudofundamental (resp., fundamental) form of a- 
quaternion J3. By (67), in the basis 



or 



i^'-') 



/ -1 \ 

0^0 

0-^0 

V 1 y 



In this case equality r{uj) — Xlo by (68) and (69) will be rewritten in the form 

1) |(ricoo + ric33) + ^a{ricii + ric22) = A; 

2) -^{ricoo + ricss) + ^a{ricii + ric22) = -A; 

3) rici3 - a^rico2 = 0; 

4) ric23 + ctS,ricoi = 0. 

The first two equalities can be rewritten in the form, respectively: 

2(ricoo + ric33) + a{ricii + ric22) = 3A; 
-{ricQQ + ric33) - 2a{ricii + ric22) = 3A; 
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hence, 



or 



1) ricoQ + ric33 = 3A; 


2) ricii + ric22 = — SaA: 


3) rici3 - a£,ricf)2 == 0; 


4) r«C23 + a^ricai ~ 0; 


1) ricl + ricl = 3A; 


2) ric\ + ric2 = 3A; 


3) ricl+^ricl =0; 


4) Wci-^ric? ==0. 



In particular, k = tr [ric) = 6A. Thus we have proved 

Theorem 38. Eigenvalue of non-isotropic anti- self- dual (or self-dual) form 
Lo, which is eigenvector oftwistor curvature endomorphism of an self-dual (resp., 
anti-self-dual) TLAQa-manifold is equal to ^k, where k is a t-scalar curvature 
of the manifold. □ 

By Theorem 36 we get 

Corollary 1. // an self-dual (resp., anti- self- dual) TiAQ a-nianifpld admits 
at any its point a non-isotropic anti- self- dual (resp., self-dual) form helowing to 
the kernel of the twistor curvature endomorphism, then the t-scalar curvature 
of the man fold at this point is zero, and thus, the image of any anti-self-dual 
(resp., self-dual) form at the given point is an self-dual (resp., anti-self-dual) 
form in view of the endomorphism. D 

By Theorem 37 we also get 

Corollary 2. Let M he an self-dual (resp., anti- self- dual) HAQa-manifold. 
If its twistor curvature endomorphism at any point of the manifold vanishes 
at least one non-isotropic anti- self- dual (resp., self-dual) form, them M is a 
manifold of zero t-scalar curvature. If the endomorphism turns to zero any 
anti- self- dual (resp., self-dual) form on M , then M is a manifold of Ricci-zero 
t- curvature. □ 

Corollary 3. Let M he a ^-dimensional self-dual (resp., anti- self- dual) 
pseudo-Riemannian manifold of index or 2. If its Riemann-Ghristoffel en- 
domorphism at every point of the manifold vanishes at least one non-isotropic 
anti- self- dual (resp., self-dual) form, then M is a zero scalar curvature mani- 
fold. If the endomorphism vanishes any anti- self- dual (resp., self- dual) form on 
M , then M is a Ricci-flat manifold. D 



5.3 Twistor curvature of TiylQa-manifold 

Let M be an TYAQa-manifold of vertical type, J G { T } be a twistor on M, 
n(X,Y) = {X, JY) be its Kaehler form. 

Definition 29. Function 

_ R(n,^) _ {Rm,n) 
^ '~ wnp ~ wnp 
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is called a twistor curvature (or t-curvature) of manifold M in the direction of 
twistor J. 

Since by Theorem 26 51 is a vertical 2-forni on M, its components on the space 
of G-structurc (by (41) and Theorem 23) will have the form fl^b^c — ^p-iGbc, 
where { uop-^ } are components on the space of fibre bundle BQ of self-dual form 
Lo which is the fundamental form of a-quaternion J . Thus, 



= -\Rfib^c8dChUJ^^ojl'-<G'"'G''' ^ ^r^^sQOJ^^oJ^^ = n{r{uj),uj), 



and since ||ri|P = nw^, we have: 

(r(w),cj) 



k{J) = 

ii^ir 

and thus, tensor r completely defines a twistor curvature on M, that explains 
the name of the tensor. 

Definition 30. An TiylQa-manifold M is called a manifold of pointwise 
constant twistor curvature c if 

V Je {T}=^ {R{^),^) ^c\\nf; ceC°°{M). 

If here c — const, M is called a manifold of globally constant twistor curvature. 
Example 1. Let M^" be an TiAQa-manifold of constant curvature c. Then 

{R{n),n) = -^R^b^.sdch^'"'^'^'''^'' 

= |(G/3h5d G^cQh — GycSd Gj3bQh)^^ ^'^ ^ ^ 

= ^[gps 57C Gm Gch - 9-,s 9k G^a Gbh)uj^^ G*= u:^^ G'^'' 
= cu;5ca;''«GedG=^ = 2c||fl||2, 

i.e. M is a manifold of globally constant twistor curvature. 

Example 2. Let M^" be a generalized quaternionic-Kaehler manifold, Q. € 
K,{M), I be its corresponding twistor. Then at an arbitrary point p € M, by 
(47) and (52) that are, evidently true in any manifold dimension, 

{Rm,n) - '^{R{n),,n^2 = 5Et"=i(^(^)e.,e,>fl(e„e,) 
~ ^2(n+2) ^i,j=i ^*c(ei, iej){ei, lej) 

^ ^2(n+2) ^i,j = l R^Cy^ii ^j)\^ii ^j) 

^ ^2(n+2) Z^i=l^'^^\^iT^i)\\^i\\ 

ans as 11 oil 2 

~ 2(n+2) ^ 4(n+2) ll"ll ' 
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because 






Here { ei, . . . , e4„ } is orthonormalizcd basis adapted to twistor /. Thus, any 
generalized quaternionic-Kaehler manifold is a manifold of constant twistor cur- 
vature c = —jT^TTi' wnere s is the scalar curvature of the manifold. Moreover, 
if dimM > 4, by Theorem 29, M is an Einsteinian manifold, and thus, the 
manifold of globally constant twistor curvature c = — ^t§, where e is Einstein 
constant. In particular, all quaternionic-Kaehler manifolds given in examples 2 
and 3 of section 2.2, are manifolds of constant twistor curvature. 

Example 3. Let { /, J } is a generalized hyper-Kaehler structure, i.e. tt A(5a-| 
structure generated by twistors / and J that are parallel in Riemannian connec- 
tion, on pseudo-Riemannian manifold M. Let Ji = /, J2 = J, J3 = /o J. Then 
VxiJfs) =0; X e X(M) 13 ^ 1,2,3. Thus, [R{X,Y),J] ==0; X,Y e 
X(M), J e {T}. In particular, R{J) o J ^ J o R{I)- Z,J e {T}, i.e. 
i?(I) belongs to centre of a-quaternion algebra, hence, i?(X) = cid. In view 
of the fact that i?(f7) is skew-symmetric tensor, where il is a Kachler form of 
twistor X, we get R{^) = 0, and thus, (i?(f^), O) = (f7 e JC{M)), i.e. M is a 
manifold of zero twistor curvature. 

Moreover, since the generalized hyper-Kaehler structure is, evidently, gene- 
ralized quaternionic-Kaehler, by the above example we get that if dimM > 4, 
then e = 0, i.e. M is a Ricci-flat manifold. If dimM = 4, then by above example 
s = 0, and since i?(H) =0 (f7 € /C(M)), M is an Einsteinian manifold (by the 
Corollary of Theorem 32), and thus, Ric = 0, i.e. M is Ricci-flat, too. Thus, 
we have proved 

Theorem 39. Any generalized hyper-Kaehler manifold is Ricci-flat. D 

The above theorem generalizes the known Berger result of Ricci curvature 
of hyper-Kaehler manifolds [6] . 

Let M be an arbitrary 7i AQa-manifold of vertical type of pointwise constant 
twistor curvature c. From the above it follows that this is equivalent to 

{r{Lu),uj) ^c{uj,uj); w G A+(M). 

Polarizing the equality and in view of the cndomorphism r being self-conjugated, 
we find that (r(w), ??) := c{u;, d); w, t? G A+(M). Thus, r(w) = coj + ip; (p e 
A^(M). Evidently, the inverse is also true. Thus, we get 

Theorem 40. An TiAQa-manifold M of vertical type is a manifold of 
pointwise constant twistor curvature c iff {r — cid)u; G A~ (M); w e A+(M). □ 
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Let M be an TiAQa-manifold, lo E (A^)y(M), {ujp^} are components of 
tensor uj on the space BQ. We have: uj ~ a;+ 
we get: 



K7) 



Hence, luqi = x + a; LU02 = y + b; luqs = z + c; LU23 
LU12 = z — c. Thus, 





/ 





X 


y 


z \ 


«) - 




— X 

-y 





z 



ay 
—ax 




v 


-z 


-ay 


ax 


0; 



; ; 


tj± e A±(M). By (67) 


/ 


a b c\ 
—a —c —ab 
—b c aa 


7 


V 


—c ab —aa J 


= - 


-ax + aa; UJ13 — ay — 


otb; 



1 



1 



a; = -(tJoi - aw23); y =^ -{luo2 + aujis); 



z ^ -icda3+^i2)- (70) 



These correlations define projection tt : (A^)v'(M) -^ A+(M) along A^(M). 

Now let M be an anti-self-dual TiAQ^ -manifold. Compute vr o r(a;); oj E 
A+(M). We have: r{Lj)i3j = — r^-^^i^a;'^^. By (68) and (69) it is easy to compute 
that 



r(w)oi - ar{uj)23 ^ -kx; r{uj)o2 + o:r{uj)i3 
In view of (70), this means that 



-ny; r(cj)o3 + r{uj)i2 ^ -nz. 



x{t: o r(uj)) — —kx{lu): 
6 



y{Tror{uj)) = -Ky(w); 
6 



ziir o r(uj)) — —Kz{uj). 
6 



(Here x, y and z are coordinate functions). Thus, tt o r(u') ~ hnu! and tt o (r — 
iKid)(w) == 0, i.e. (r - ^Kid)uj E A^{M). By Theorem 40 we get: 

Theorem 41. An anti-self-dual TiAQa-manifold is manifold of pointwise 
constant twistor curvature c — ■^k, where k is a t-scalar curvature of the 
manifold. □ 

Corollary 1. A 4^- dimensional anti- self- dual pseudo-Riemannian manifold 
of index or 2 is a manifold of pointwise constant twistor curvature c — gS, 
where s is a scalar curvature of the manifold. □ 

Corollary 2. A 4^- dimensional anti- self- dual pseudo-Riemannian manifold 
whose self- dual form module is invariant with respect to the Riemann-Christoffel 
endomorphism is a manifold of globally constant twistor curvature. 

Proof. This immediately follows from the manifold being Einstcinian (by 
Theorem 32), in particular, the manifold of constant scalar curvature. □ 
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6 Self-dual Geometry of 4-diniensional Kaehler 
Manifolds 

The relation of geometry of conformal-semiflat manifolds to geometry of Ein- 
steinian manifolds [5] , as well as to twistor geometry [7] is of great interest to 
the researchers. For example, the well-known Penrose-Atiyah-Hitchin-Singer 
theorem [3] asserts that the canonical almost complex structure of the twistor 
space of a 4-dimensional oriented Ricmannian manifold (M, g) is integrablc iff 
(M, g) is conformal-semiflat. Hitchin showed that if (M, g) is also a compact 
Einstcinian manifold of positive scalar curvature, then it is isometric to S^ or 
CP^ with standard metrics [8] . This result is also closely connected with twistor 
geometry: Hitchin proved that a 4-dimensional oriented compact Riemannian 
manifold (M, g) has a Kaehler twistor space iff (M, g) is conformally equivalent 
to S'^ or CP^ with their standard conformal structures [9]. B. -Y.Chen [10] and 
(independently and by another method) J.P.Bourguignon [11] and A.Derdzinski 
[12] got a classification of self-dual compact Kaehler manifolds, and M.Itoh [13] 
got a classification of self-dual Kaehler-Einsteinian manifolds. Besides, M.Itoh 
gave a complete characteristics of compact anti-self-dual Kaehler manifolds [13]. 
In the present chapter we received a complete classification of self-dual 
generalised Kaehler manifolds (both of classical and non-exceptional Kaehler 
manifolods of hyperbolic type) of constant scalar curvature. It is proved that a 
generalized Kaehler manifold is anti-self-dual iff its scalar curvature is equal 
to zero. The results essentially generalized the above mentioned results of 
N. Hitchin, J.P.Bourguignon, A.Derdzinski, B. -Y.Chen and M.Itoh. 

6.1 Generalized almost Hermitian structures 

Definition 31 [14]. We call a generalized (in the narrow sense) almost Her- 
mitian (or, AHa — 'it structure) on a manifold M a pair {g — (•,•), J } of tensor 
field on M, where g is a pseudo-Riemannian metric, J is an endomorphism of 
module X(M), such that J^ = aid; a = ±1, and called a structural operator, 
or structural endomorphism. Here, {JX,JY) = ^a{X,Y); X,Y € X(M). If 
a = — 1, the ATia-structure is called an almost Hermitian structure of classi- 
cal type, if q; = 1, it is called an almost Hermitian structure of hyperbolic type 
or, in other terms, an almost para- Hermitian srtucture. In case a = 1, as is 
well-known, metric g is neutral, i.e. it has a zero signature. 

A 2-form ^{X, Y) = {X, JY); X,Y <E X(M) called a fundamental structure 
form is associated to every ATia-structure. The form is non-degenerate and, 
thus, its exterior square generates the orientation of manifold M . 

Definition 32. We call a canonical orientation on ATia-manifold (M,g, J) 
an orientation coherent to the form —afl A fl. 
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We know [14] that giving an AH a-stiucturc (M, J, g) on M equivalent to 
giving G-structure G on M with structural group G = C/(2,Kq), where K^ 
is the field C of complex numbers in the classical case or the ring D of double 
numbers in the hyperbolic case. The space elements of the G-structurc are called 
frames adapted to the ATi a -structure, or A-frames [14]. Recall the construction 
of ^-frames. Let {p, cq, ei, Jcq, Jei) be an orthonormalized frame on manifold 
M adapted to structural endoniorphisni J, ||eo|P = 1, ||ei|p = —a. Then 
its corresponding A-frame (p, Eqi^Ij eg, ej) is defined as a frame in the space 



Tp(M)(8)Ka with vectors £q = -j^{ea+iJ^ea),ea = -j^{ea-iJ^ 



a,b, 



0, 1; i is the imaginary unit of the ring K^. Note that £a — ea, J£a — i^a, 
JSa — —iSa, where X ^ X is the operator of natural involution (of conjugation) 
in Ka-modul Tp{M) ® K^. 

Compute the matrix of metric tensor g components on the space G. In 
the frame (p, cq, ei, Jcq, Jei) we have by definition: {gik) = diag{l, —a, —a, 1). 
Thus, in the A-frame (p,eo, £1,65 1 ^i) "^c have: ggg — (eoj^g) ^ ^(eo+iaJeo, eg— | 
iaJeo) = ^{(eo,eo) -|- (eo,eo)} = 1 = 550- Similarly, g^j = .gj^ = -a. The rest 
of the metric tensor components are equal to zero. Thus, 



i9v) = (g'n 



( 








1 



\ 

—a 


1 











Vo 


—a 





oy 



(71) 



(i,j = 0,1,0,1). Evidently, det(5y) 
mental form of the structure 0(X, Y) 



1. On the other hand, compute funda- 



(X,jy):no5 = (£o,Jeo> 



-^ 



00- 



Similarly, f2-^j = ^^11 — *Q^- The rest of the components of the form il are equal 
zero. Thus, Vt — ilij cj* A oj^ = —2iuj'^ A cj° + 2iauj^ A uj^. Hence, in particular. 



f7 A f7 = -4Q;^dct5w" A o)^ A cj° A w^ 



and, thus, A-frames are positively oriented with respect to the canonical orien- 
tation in the classical case. In particular, t/q^qi = —a. In view of this equality 
and by (71) we can specify the conditions of self-duality and anti-self-duality 
of 2-forms on an ATi^-manifold, given by correlations (7), on the space of G- 
structure: 

Lemma 4. Let {M,g,J) he a 4^- dimensional generalized almost Hermitian 
manifold, u G A^(M). In this case 



. u;e A+(M) iff on th 


e space G 








1 ° 


X -^ iz 


iy 


\ 


(wjfe) = 


—X — iz 
-iy 










—ay 
X — iy 




\ 


iay 


—X -h iz 


0/ 
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^. w e A (M) ijf on the space G 
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- iz 


-iay 







0/ 



Proof. Let u! E A*(M). By (7), (71) and the given remarks about the 
components of volume form rjg we have: 



1) ± Looi = ^voii] g''^ 9^"^ ^km == jyoioi -9°° ff" '^oi == ^01 ; 

1 ik jm — n -- rt^O nil 



2) ± ^06 = l^ooij 9'^ 5^" '^fcm = ?7oeij 5" g" wji = -atj^j; 



3) ± '^oi = l%iy 5''' 5^" '^fcm = »7oi6i .9°° ff" ^01 = --01 



-t^nT; 



Similarly, iw-^g = —i^i(^', ii^oi ^ '^01 ■ Besides, since a; is a real tensor, uji~- = 
Uij (a = a). In particular, ZJad ~ ^^aa- AH the correlations arc, evidently, 
equivalent to the assertion of Lemma 4. □ 

Definition 33. An ATia-srtucture (g, J) is called a generalized Kaehler 
(or, /Cq— ) structure, if structural endomorphism J is parallel in Riemannian 
connection V of the manifold. 

In case a = — 1 this notion coincides with the classical notion of Kaehler 
structure, in case a == 1 it coincides with the notion of Kaehler structure of hy- 
perbolic type, or in other terms, para-Kaehler structure [15]. Manifolds earring 
a para-Kaehler structure are also known as Rashevskii fibre bundles. The name 
is explained by the existence on such manifolds, first studied by P. K. Rashevskii 
of two isotropic totally integrable totally geodesic distributions - eigendistribu- 
tions of the structural endomorphism complementary to each other [16]. 

Let {M,g, J) be a /Ca-manifold. We know [14] that the first group of Cartan 
equations of such manifold on the space of G-structure G has the form: 

1) dw" ^uj"!^ A uj''; 2) dua = -oja A ujb; (72) 

where cua = e{a)uj'' ^ £(a)ZU", ZUg = -e{a,b)uj^; e(a) = gaa, e{a,h) == 
gaa9hb- By cxtcrior differentiation of (72) and in view of basis forms being 
linearly independent we get the second group of structural equations of /Cq,- 
structure: 

du^l = CO," A ul + Ali Lu'ALUd; (73) 

where { A'^^} } is the function system on space G symmetric by subscripts or 
superscripts and satisfying the system of differential equations 

dAt^ + At oj^ + Alt Jl - J^lt < - ^t ^i = Kih ^'^ + Kf' ^n: (74) 
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where { ^^^/i' ^tc^ } ^^ ^^*^ function system on space G symmetric by any pair of 
subscrips or superscripts and serving as components of covariant differential in 
the Riemannian connection of tensor A defined, in view of (74), by the function 
system { ^^^ } ^^"^ caUed the tensor of holomorphic sectional curvature [17]. 
Comparing (72) and (73) with structural equations of the pseudo-Riemannian 
structure we have 

duj^ = u)] A uj\ duj] = tJ^ A uj^j + -R^km^'' ^ ^"' 

where { i?*^^ } are components of Riemann-Christoffel tensor R. It is easy to 
compute the explicit components on space G (i.e. in A-frame): 

Ra,ci = Rtadc = -RaMc == -^bacd = ^(«. d)Att (75) 

The rest of the tensor components are equal to zero. Now we can compute the 
components of the trace-free part of tensor R, the Weyl tensor W of conformal 
curvature. We know that tensors R and W are connected by the correlation 
(diuiM = 4): 

** ijkm — ^ijkm ' 2 V ik 9jm ~r ^jm 9ik ^im 9jk (^(\\ 

'^jk 9im) ' Q\9im 9jk 9ik 9jm)i 

where rik = g-'™ Rijmk are Ricci tensor components, s = g^'' rik is the scalar 
curvature of the manifold. In view of (71) and (75) it is easy to compute that 
in A-frame gab = g^i = 0, 5„g = .g^„ = e{b)5''^; rah = r-^ = 0; r^j = 
ry^ ~ — e(6)A^^. Thus, (76) in A-frame will have the form: VK^^^^- = ^(^ac.9(,j + 

'^hd9<^& " ^ad56c - rbc9ai) + %^9ad9bc " 9ac9bi). Or 

Wab'" - \{rl 5t + ri 51 r^ 8% rl <5f ) + ^(<5f <5g - 5^ St). (77) 

Similarly, W^f^^^ = i?^g^j - i(r^j.gg, + rg^g.j) + fgg,5,d, or 

Wa'/ - -A'ai - \{rt 5l + rl Sf) + '-6^ Sf, (78) 

as well as correlations defined by symmetry properties of tensor W (similar to 
symmetry properties of Riemann-Christoffel tensor). 

6.2 4-dimensional self-dual /CQ,-manifolds 

Let M be a 4-dimensional oriented pseudo-Riemannian manifold of index or 
2, W be its Weyl tensor of conformal curvature. Consider W as an endomor- 
phism of module A^(M). It is known [5] that submodules A*(M) are invariant 
with respect to the endomorphism, and thus, W = W^ + W~ , where W^ are 
restrictions of endomorphism W onto submodules A*(M), respectively. 
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Definition 34 ([3], [10]). A 4-dimcnsional oriented pseudo-Riemannian 
manifold of index (or 2) is called self-dual (respectively, anti- self- dual) if 
W~ — (respectively, VK+ = 0) for it. An self-dual or anti-self-dual manifold 
is called conformal-semiflat. 

Example. Let (M, 17, J) be a 4-dimensional generalized complex space form, 
i.e. a generalized Kaehler manifold of constant liolomorphic sectional curvature. 
It is easy to check that a /Ca-manifold is a generalized complex space form iff 

Aad _ „J:ad 

where c — const, 5^^ — 5^ 5f + (5" (Jjj*. In this case r^ — e{a)rab — ~^cfc ~ 
-cS"^^ = -3c (5^, s = 2r^g5"^ = 2< = -12c, and by (77) and (78) Wab'"' = 
-cSli, where Sf, - 5^ S^ - 51 <5f ; WaK" = e{b, d)R^^^^ + 3c <5f 5,^ - 2c 5^ 5^ = 
-A^^^ + cS^ 5i = -c~5li + c5l 5i = -cS^ df. Thus, ii-d e A-(M), then by Lemma 
4 

W{^)ab = -Wab'" ^cd = 0; I^(^)% = -I^%^d i^'^c = -c S^ r , = 0, 

i.e. W{lj) = 0. Thus, we get 

Tiieorem 42. yl 4-dimensional generalized complex space form is an self- 
dual manifold. □ 

Now let M be an arbitrary 4-dimensional self-dual generalized Kaehler man- 
ifold, -& e A-(M). Then W{-d) = 0, and by (78) W{'d)''a = B^^ d^d = 0, where 

S^c = Ali + lir'c Si + < 5l) Ul Si 

In view of Lemma 4 this equality will be written in the form: {B^\ — B^QJiy + 
{aB^\ + B^J))x + {aBf^ - B^ljiz = 0. In view of x,y,z G C°° (M) being 
arbitrary, we have: 

Sri-Sfo-O; Bil=B',l = 0; (a, 6 -0,1). (79) 

On the other hand, 

Bll = All + liri +ri)-^Sl = -Ul (80) 

Comparing (79) and (80) we get B^g = B^, = -^ S^ Thus, S^^ - -^ 5^ 5^. 
In other word, 

4c - -\{rl Si + rt 5l) + '- 5l St - ^Sl Sf. (81) 
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Alternating the equqlity by indices b and d we get: 

r'' S'^ + r'^S'' - r^ 6'^ - r"^ 6'' ^ „ 

c ^a ^ a c a c c a o o,c 



rl 5t + ri 8\ r\ Sf rf 5'^^'- 6^. (82) 



2 

It is immediately checked that the above is equivalent to the condition r^ = ^s 
that holds automatically in view of Ricci tensor being real. On the other hand, 
symmetrize (81) by indices b and d: 

Alt = -i(r,^ Si + rt 51 + r\ S^ + rf S^) + ^ SH (83) 

In view of the above remark the equality is equivalent to (81). Now, note that 
(83) is equivalent to the following: 

where i is a tensor; the brackets mean symmetrization by the enclosed indices. 
Indeed, let (84) be true, i.e. AA''/^ ^4^^ + 4 5^ +t\5i + 4 S^^. Contracting the 
equality by indices d and c we get: 

-iri = < + trit) Si and thus, ^ = -r^ - ^trit) <5^ 

Contracting the equality, we get tr{t) ~ — ^s, and thus 

ta = -r'a + {^Si. (85) 

Inversely, substituting (85) into (84) we get (83). 

Let (84) and the equivalent (83) hold. Substituting (82) and (83) into (77) 
and (78), respectively, we get: 






Wab'^^^Slt Wa''/^TT:SlSf 



that, in view of Lemma 4, implies W{ui) — (w e A (M)), i.e. M is an 
self-dual manifold. Thus, wc have proved 

Theorem 43. A 4^- dimensional generalized Kaehler manifold is self-dual iff 
^ac = ^L'^cl ' ™^C6 t is a tensor, and, necessarily, t\ = ^f\ + j^^ S\. □ 

Definition 35. A generalized Kaehler manifold is called non- exceptional if 
its Ricci endomorphism has at least one non-isotropic eigenvector at every point 
of the manifold. 

Example. Any Kaehler manifold of classical type (with definite metric) is 
non-exceptional since, in view of its Ricci endomorphism r being self-conjugate, 
it has at every its point an orthonormalized basis of tangent space at this point 
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consisting of eigenvectors of the endomorphism. Moreover, since on the space 
of G-structure G components Tab and r.g of Ricci endomorphism are equal to 
zero, the endomorphism commutes with the structural endomorphism J, and 
thus, the mentioned basis can be choose adapted to J, i.e. having the form 
(cq, ei, Jcq, Jci). A-basis generated by this basis will be the eigenbasis of endo- 
morphism r, as well as i, and eigenvalues of the cndomorphosms will be real. 

Moreover, endomorphisms r and t of any non-exceptional /Ca-manifold have 
similar properties. Indeed, in view of the fact that for a /Ca-manifold M there 
holds the equality r o J = J o r, endomorphism r preserves eigensubmodules of 
endomorphism J, in particular, it admits narrowing on eigensubmodules Dj^ 
of the endomorphism with eigenvalues ±i, respectively. Let e be a non- isotropic 
eigenvector of endomorphism r at a point of M . Without loss of generality it can 
be considered unitary. Then Je is also a non-isotropic eigenvector of this endo- 
morphism and it corresponds to the same eigenvalue A. Thus, Eq — —i=(e + iJ'^e) 
is an eigenvector of endomorphism r with the same (real) eigenvalue. Comle- 
menting the pair {£0,65}, eg = -y={e — iJ^e) up to ^-basis {eo,ei,£6'^i } ^^ 
get that in basis {£o,£i } of submodule Dj at this point endomorphism r has 
matrix 

W = f Q ~ j ; a,/2G K„. 

On the other hand, from (73) it follows that A'^^ = A^^, and thus rg = r^. 
Therefore, a = 0, /i G R, i.e. endomorphism r\D^j is diagonalized in basis 
{ £q, £1 }. Moreover, since in view of endomorphism r being real r"^ = r|, r\Dj^ 
is diagonalized in basis { eg, ej } and given by the same matrix. Thus, endomor- 
phism r (as well as t) is diagonalized both in A-basis { Eqi £ii ^5' ^i } ^^'^ ^^ ^^^ 
corresponding orthonormalized basis { eo, ei, Jcq, Jei }. 

Now, let {M,g,J) be a non-exceptional a /Ca-manifold. By the above we 
can consider subbundlc Gi of G-srtucture G, consisting of A-frames, where 

(0-(J°); A-^-i^.'-A-i (86) 

Note that by Theorem 43, \ + fi = —\s. By (74) components of tensor t on the 
space G satisfy the differential equations 

iia I la c ic a ,a c , lac 

where t^^ = A^l^ - lA^lJl, t^^ = £{c) Af^ - f^^r'^?- In particular, on the 
space of Gi-structure, where f^ — A^ 5^, Xq = A, Ai = /i, we have: 



1) dX ^X,LJ^ + X^ Lo,- A, = tl^, A^ - to^; 

2) d^ ^ ficUj'' + fJ''' L^c] ^^■c ^ t\^, ^J■'' = t\''; 

3) (A - Ai)t^? ^F,u;^ + F^ lo,; F, = t?,, F^ == i?^; 

4) {^l - X)ul ^GcUJ^ + G^ Lo,; Ge = 4, G^ - tl"- 
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(87) 



(88) 



We write structural equations of a generalized Kaehler structure on the space 
Gi: 

1) duj° ^uj°Auj° + uj°Auj^; 

2) dcji = Lul A Lu'^ + Lul Acji; 

3) dujQ = —lOq a loq — Lol a LOi; 

4) duji = — CijJ A loq — Lol A LOi] 

5) dcj^ = wj A w^ + \uj° AuJo + j{X + n)uj'^ A uJi; 

6) dcdl = Lul A Lu^ + Lul A Lul + i(A + ^)tji A wq; 

7) dcjf = u;^ A UJ^ + U!^ A ul + |(A + fi)uj° A wi; 

8) dul = luq Auj° + j{X + fi)uj° A Wo + fJ,uj^ A wi. 

By exterior differentiation of (885) and by (88) we have: 

{--(A - h)luI - X^uja- -(Ao + i^o)uj^ }Auj^Aloi + 
+{ i(A - /i)coJ - Ai cjO + i(AO + /)wi } A cji A cjo = 0. 

In view of (87) and linear independence of basic forms we get G" = 2A^; Gi = 
i(Ao + /xo); Fo = 2Ai; F^ = i(AO + /i^), and thus, 

{^i-\)luI = Gouj° + -{\o + Hq)uj'^ + 2\^uja + G^LUi; 

(^-A)wJ == -2Xiu;° - Fiuj^ - F" ujo - hx° + fj°)uji. (89) 

By exterior differentiation of (880) and by (88) we have: 

{fi - X)uJq a w° a ti^o - (A - h)llj^ a w^ a uji + 

+i(Ao + Mo)w° A w^ A Wo + i(Ai - M^)w^ A Wo A Wi = 0. 

In view of (89) and linear independence of basic forms we get Go — 0; G^ — 0; 
Ij} — 3A^, and thus, 

(p- X)uj^ ^ ^{Xo + fio)(^'^ + 2X^ujo; , . 

(Ai-A)wO = -2AiwO-i(A"+M°)a;i. ^^^' 

Similarly, by exterior differentiation of (883) and by (88) we have: 

i(A - /i)w° A w^ A Wo - ^(A - ^)wq a w° a wi + ^(Ai + ^i)w^ A w" A wo+ 
+ j{X^ + fi^)uji A w° A Wo + ij.qoj''' a w^ a wi + ^°wo A w^ A wi = 0; 

hence, by (90) Ao = S^io, A" = 3^°, A*i = 3Ai; jj.^ = 3Ai. Thus, dX == 3^0 1^° + 
Ai u!^ + 3/1*^ wq + A"'^ wi; rf/i = fiQ w" + 3Ai w""^ + /i*^ wo + 3A"'^ wi. In particular, 

ds = -3((iA + d^) == -12(y(io w° + Ai w^ + ^° wq + A^ wi). 
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Let M he a manifold of constant scalar curvature. Then it follow that /ig 



M° = Ai 


= Ai 


= 0, i.e. A 


= const, 11 = 


= const. Here (90) assumes 


the form: 








i)(a^ 


- ^)^o - 0; 


2)(m 


- A)cjO = 0. 








Consider the possible cases. 

I. X ^ ^i. Then Lol = Lol = 0. 
assumes the form: 


By (886) : 


in this case A = 


- -A*, 


and 


(88) 






dLu" = 

divo = 


-uj^Aujo; 
Aw° A wq; 


dwi = 


: UjI a W^ 

: —LljI a cji; 
: —Xlj^ AuJi. 









In this case M is locally holomorphically isometric to the product of 2-dimensional| 
manifold Sf of constant curvature A by 2-dimcnsional manifold S^^ of constant 
curvature (—A). Note that such manifold is conformally flat [5]. 

II. A = ^. Then tl; = XS^, A^^ = jX6^^, i.e. M is a generalized complex 
space form. In this case, by [17], M is locally holomorphically isometric to one 
of the following manifolds: 

1. Complex plane C^; 

2. Complex projective plane CP^; 

3. Complex hyperbolic plane CH^; 

4. Double Euchdcan plane R^ ixi R^; 

5. The space of null-pairs RP^ q Rp2 ^ (^^.(3, R)/GL(2, R) x GL{1, R) of 
real projective plane; 

equipped by a canonical Kaehler structure of classical (in cases 1,2,3) or hyper- 
bolic (in cases 4 and 5) types. We get the following result: 

Theorem 44. An self-dual nonexeptional generalized Kaehler manifold of 
constant scalar curvature is locally holomorphically isometric to one of the fol- 
lowing manifolds: 1) C^; 2) CP^; 3) CH^; 4) Si x Sl^; 5) R^ M R2; 6) 
Rp2 Rp2; equipped by a canonical Kaehler structure of classical or, respec- 
tively, hyperbolic type. □ 

Corollary. Any self-dual compact Kaehler manifold of classical type is 
holomorphically isometrically covered with one of the following manifolds: 1) 
C^ ; 2) Cp2; 3) CH^ ; 4) S^ x S'^^; equipped by a canonical Kaehler structure. 

Proof. It was shown by A.Derdzinski [12], that any such manifold is locally 
symmetric, and thus, is a manifold of constant scalar curvature. To complete the 
proof we apply Theorem 44 and note that all manifolds in the above Corollary 
are simple-connected. □ 



35 



Remark. Self-dual generalized Kaehler manifolds of non-constant scalar cur- 
vature do not admit such finite classification. A.Derdzinski showed [18] that 
on C^ there exists a 2-parametric family of self-dual Kaehler metrics of non- 
constant scalar curvature. 

6.3 Self-duality and Bochner tensor 

The geometry of Kaehler manifolds is a complex analog of Riemannian geo- 
metry: such important notions of Riemannian geometry as sectional curvature, 
space forms and many others have its complex counterpart which is of quite 
non-trivial sense in geometry of Kaehlerian and, more generally, almost Her- 
mitian manifolds. One of such notions is Weyl's conformal curvature tensor 
which is the basic object of study of conformal geometry. In 1949 S. Bochner 
introduced the complex analog of the tensor for Kaehlerian manifolds [19]. The 
tensor introduced by S. Bochner and called after his name, posseses all sym- 
metry properties of Riemann-Chrystoffel tensor and has meaning for arbitrary 
almost Hermitian manifolds [20]. However, it has quite a complicated structure, 
and in spite of a considerable number of works devoted to its studying we have 
comparatively little information about its geometry. 

In the present section the Bochner curvature tensor of generalized Kaehle- 
rian manifolds is introduced. The structure of the tensor is studied. The main 
result of this section states that Bochner curvature tensor of four-dimensional 
generalized Kaehler manifold vanishes iff the manifold is self-dual. Hence it 
is proved that Bochner-flat generalized Kaehler manifolds (i.e. generalized 
Kaehler-Bochner manifolds) are natural generalization of self-dual generalized 
Kaehler manifolds. 

Definition 36. Let M be 2n-dimensional generalized Kaehler manifold. 
The tensor B of type (3,1) on M defined by the equality 

B{X, Y)Z = RiX, Y)Z + {Y, Z)L{X) - {X, Z)L{Y) + {L{Y),Z)X- 

-{L{X), Z)Y - {J^{Y),Z)L o J{X) + (J3(X), Z)L o J{Y)~ 
-{Lo J3{Y), Z)J{X) + {Lo J^{X),Z)J{Y)+ 
+2{L o J^{X),Y)J{Z) + 2{J^{X),Y)L o J(Z); 

where L — „, "'", „. r + zi — rrri — rrrr id, is called Bochner tensor of manifold M. 
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Let as compute components of Bochner tensor in A-irarae: 

^abcd = {Bi£c,e^),eb,ea) = (i?(ec,e^~),e6,£a) + (ej,£6)(L(ec),£a)- 

-{ec,eb){L{ei),ea) + {L{e^),eb){ec,ea) - {L{ec),et){e^,ea)- 
~laJ^{e^),eb){Lo J{ec),ea) + {J^{ec),Sb){Lo J(e^),ea)~ 
-(L o .P{e£), eb){J{ec), ea) + {L o J^{ec), eb){J{e^, £&) + 
+2(i o J3(£,), e^){J{eb), Sa) + 2( J3(ej, e^) {L o J{eb), Sa) 

= R-abca + ^c K 5i + Li Si S- + L>i 61 5i+ 
L^ 5i S^ + 2Lj? Si S^ + 21^ 51 S^ 

= Rabcd + ^c Si + Li 6- + L- 6i + Li S- + 2Li 6^ + 2Lg df 

= Rated + 2(i? -5,^ + Li S- + Li 5t + LI 5i). 

Analogously, 

Bdbcd ^ Rdbcd + {^d.e'^){L{ec),ea) - {ec,ef){L{ed),ea) + 
+ {L{ed),ef){ec,ea) - {L{ec),ei,){ed,ea)- 
-{J^{ed), e{){L o J(£c), ea) + {J^{ec),e-^){L o J{sc),ea)- 
-{Lo J3(£d), eg)( J(£c), ea) + {Lo J^ie^), si){J{ed), Sa) + 
+2{L o J3(£,), ed)(£g), £a> + 2( J3(ej, £^){l o J(£g), £„) 
= + L'i 51 5\ - i^ <5^ J,^ + L^ (Jf, <5« - L^ 5^ <5» - <5g L'^ <5»+ 



i- (5g - i^ <5,^ + L^ <5,- - i^ <52 - i? '5a + iS '5c - id -^c" + ic -^a = 0. 



Therefore, 

B,, i == S. . .- = -B...' = -B.. , = Af,i + 8l\1 S'^l (91) 

abed bade abae baca be ' (^b e) ^ ' 

All other components of the tensor are evidently equal to zero. 

Definition 37. A generalized Kaehler manifold is called Bochner-flat, or 
generalized Kaehler- Bochner manifold, if its Bochner tensor is equal to zero 
identically. 

Let M be Bochner-flat generalized Kaehler manifold. In view of (91) it is 
eqivalent to 

Aad _ ori'^<;d) ^^ Aad _ ,(a ^d) 

Abe - -»-'-((, (^e) ' O^ ^be - ^(b ° e) ' 

where t^ = ^8i^. In view of Theorem 43 we get the following result: 

Theorem 45. Four- dimensional generalized Kaehler manifold is self- dual 
iff it is Bochner-flat. □ 



6.4 4-dimensional ant i- self- dual /CQ-manifolds 

Let M be an arbitrary four-dimensional anti-self-dual generalized Kaehler man- 
ifold, d e A+(M). Then W{d) = 0, and by (77) and (78) we have: 
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1) W{i))^a = B^cfc'^'d ~ 0. In view of Lemma 4, the equality will be written 
in the form {B^ + B^\)iy ^ 0, and in view of arbitrary choice of y € C°° (M), 
B^^l = 0, i.e. A'^^l + rl~^sSl^ 0, and thus, ^sS^ = 0, i.e. s = 0. Inversely, if 
s = 0, then B^^ = 0, and thus, 14^(1?)^ = 0. 

2) W{d)ab = Wab'^'^i^cd ~ 0. In view of Lemma 4, the equality will be 
rewritten in the form Wat'^^ix + iz) = 0, and in view of arbitrary choice of 
x,z€C°° (M ), Wab°^ = 0, and thus, Wab""^ = 0. By (77) the above is equivalent 
to 

rl St + rt S: rl S^ r^ 5^ = \ S^t (92) 

Contracting it by indices b and d, we get: 2r'^ + ^s S^~2r'^ — is S^, hence, s — 0. 
Inversely, if s = 0, then (92) will be written in the form r^ 6^ + ^t ^a ~ '^b '^a ^ 
rf 6^ = 0, that is equivalent to r^ + rl = 0, i.e. s = 0, and thus, W{'d)ab = 0. 
Hence, 

W{^) =0 ^=^ s = 0, 

and we get the following result: 

Theorem 46. A J^- dimensional generalized Kaehler manifold is anti-self- 
dual iff it is manifold of zero scalar curvature. □ 

Remark. If M is a 4-dimensional compact regular spinor manifold [7] carry- 
ing a Kaehler structure of classic type, this result can be essentially strength- 
ened. Namely, in this case signature t{M) of manifold M is computed by the 
formula [5]: 

r{M) = -^Ji\\W+f-\\W-\f)v,. 

M 

If M is anti-self-dual and not conformal-flat, then it follows that t{M) < 0. 
But then A- kind of the manifold [5], in 4-dimensional case equal to j^t{M), 
is also negative, and by the Theorem of A.Lichneriwicz [21] M does not admit 
metrics of positive scalar curvature. By the Theorem of Kazdan- Warner [22], 
the initial metric on M, being by Theorem 46 a metric of zero scalar curvature, 
is Ricci-flat. If M is conformal-flat, then since it is a regular Kaehler surface, its 
first Betti number is zero, i.e. the universal covering space is compact and, by 
Theorem 46, it has zero scalar curvature, but it is impossible in view of Theorem 
44. 

Thus, in this case M is Ricci-flat. Inversely, if M is Ricci-flat, then by 
Theorem 46 it is anti-self-dual. Thus, we get the following result: 

Theorem 47. A 4-dimen.sional compact regular spinor manifold carrying 
any Kaehler structure of classical type is anti- self- dual iff it is Ricci-flat. D 

An example of such manifold is a K^-surface, i.e. a compact regular surface 
with zero first Chern class. It is known [23] that such surfaces form a special 
type in Kodaira classification of complex surfaces and they are well studied. It 
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is known, in particular, that all Xs-surfaces are diffeoniorphic and their Kachlcr 
structures induced by Calabi-Yau metric are Kachlcr-Einsteinian structures [5] . 
Moreover, by the known result of Hitchin [8] any compact anti-self-dual Ein- 
steinian manifold is either flat or covered by a K^-suiieLce, having a Calabi-Yau 
metric. 
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